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ABSTRACT : This work is interested with the effect memory-dependent on a thermo-micro-stretch elastic
solid under rotation, the medium is studied employing the theory of Green-Naghdi type 111 (G-N I11) and
the model of three-phase-lag (3PHL). The governing equations are formulated in the context of G-N IlI
theory and the 3PHL model. Analytical solution to the problem is acquired by utilizing the normal mode

method. The boundary conditions created at z =0 and applying the boundary aspects discussed to

acquire equations that are acceptable with the parameter. Five equations are created as a result. We find
the constant values of the solutions by applying the inverse matrix method to the five equations. The
magnesium crystal element is utilized as an example to describe the observations of the G-N 111 theory
influenced by rotation on microstretch thermoelastic with those of the 3PHL model. Rotation has been
shown to have a significant impact on all physical quantities.
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List of Nomenclature
Quantity Definition
u Displacement vector in micro-stretch medium
A linear thermal expansion coefficient where f, =(31+2u+k )a[l, v=0381+2u+ k)atz.
2
A, u Lame’s constants of classical elasticity
a, B,y Elastic constants
k Micropolar coupled modulus
5ij Kronecker delta
Ay, Agr A Stretch constants
Jo Equilibrated inertia
J Micro-inertia
Tij Component of stress tensor
K Additional material
K Thermal conductivity
1
0 Rotation
Ce Specific heat at the constant strain
T, Phase lag of thermal displacement gradient
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7, The heat flux phase lag
Ty The temperature gradient phase lag
Iy Density for microstretch
m;; Component of couple stress tensor
e Dilatation
Eije Alternate tensor
(1] Micro-rotation vector
(p* Scalar microstretch function
v the change in void volume fraction

1. INTRODUCTION

Many media, such as solids with micro-cracks, foams, animal bones, inviscid fluids, and voids media with gas-
filled pores fall only out the range of micropolar elasticity. As a result, Scientists had to create a mathematical
model to examine these media, and they chose microstretch as a mathematical model for these kinds of solids. In
micro-stretch elastic solids, there are seven degrees of freedom: one for stretch, three for rotation and three for
translation. Material points on micro-stretch bodies have the ability to expand and shrink separately of translation
and rotation. The phenomenon of reflection and refraction at a plane connect between a thermo-micro-stretch
elastic diffusion medium and a non-viscous fluid, medium is examined by Kumar [1]. Othman et. al. [2] employed
the classical coupled theory, Lord-Shulman theory and dual-phase-lag model to explore the impact of gravity and
rotation on a thermo-micro-stretch elastic form of media with diffusion. Deswal et al. [3] investigated the reflection
of waves at the free surface of a nonlocal thermo micro-stretch elastic solid with the 3PHL model under
temperature-dependent properties. Said [4] examined the influence of temperature-dependent properties and
rotation on plane waves in an initially stressed, isotropic, homogeneous thermo-microstretch elastic solid. Jahangir
et al. [5] illustrated the effects of diffusion and two temperatures on plane waves required to move across
thermoelastic media. Abo-Dahab et al. [6] investigated the impacts of stretch and two temperatures on the elastic
properties of a generalized thermo-micro-stretch elastic solid. Elhag et al. [7] demonstrated how anti integer
derivatives orders examination influences the reflection of partial high thermal waves in the three-phase lag model
for micro-stretch elastic solid.

Purkaita et. al. [8] proposed a mathematical formula of thermoelastic interaction in an unlimited space in
the framework of Taylor's expansion, which includes a memory-dependent derivative of the function (G-N I11)
theory heat exchange law, which is described in an integral form of a mutual derivative with a kernel function on a
slippery intermission. Sur and Kanoria [9] suggested an innovative magneto-thermoelasticity mathematical model
for examining transient phenomena for a fiber-reinforced thick plate with a heat source in the framework of a 3PHL
model of generalized thermoelasticity, which is described in an integral form of a mutual derivative on a slippery
intermission by utilizing memory-dependent heat exchange. In the papers by Sarkar and Mondal [10], Said [11],
Sarkar and Mukhopadhyay [12] and Li and He [13], the authors employed memory-dependent derivative
generalized thermoelasticity.

Roy Choudhuri [14] created the 3PHL model for a methodology of heat exchange in which the Fourier
rule is changed by a strategic plan to an adjustment of the Fourier rule with varying time translations for the thermal
displacement gradient, heat flux, and temperature gradient. Kumar and Chawla [15] utilized 3PHL and DPL
thermoelastic models to evaluate the spread of plane waves in an isotropic thermoelastic solid. In the presence of
variable periodically various heat sources, one-dimensional thermoelastic unrest in an isotropic, unlimited,
functionally graded thermo-visco-elastic solid in the framework of the 3PHL, G-N type Ill, and G-N type Il models
are examined by Sur and Kanoria [16]. After five years, the previous theories are employed to examine the effect of
gravity field thermoplastic isotropic solid under two-temperature fiber-reinforced by Othman et al. [17]. Sharma et
al. [18] illustrated the impact of the 3PHL generalized thermoelastic model on the ideal assessment of 3-
dimensional free vibrations of a thermo-viscoelastic medium cylinder that is initially and uniformly undeformed.
Many investigations, such as [19-21], have been studied of a homogeneous, isotropic, thermo-micropolar elastic
solid under voids under different fields.

In this work, we concentrated our efforts to illustrate thermo-micro-stretch elastic solid under rotation with
memory dependent as shown in Fig. 1, the plate is examine employing the 3PHL model and the G-N theory from
type I1l. We began by showing the basic equations and employing non-dimensions. In the second, we employed the
normal mode method to transform the partial differential equations to the ordinary differential equations.
Afterward, we created the boundary conditions at Z =0 to find the constant values of the solutions. At last, the

calculations are implemented, discussed, and graphed.
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2. The description of the problem and basic equations

The system of a mathematical model of a thermo-micro-stretch elastic can be formulated in a 3PHL model as
[16, 22]

The equation of motion
o, =P Ui +{2x(2xu)} +(202xu;); ].

(€

The equation of micropolar

EijpTir TMji j =pd[gig + 2%, ] @

y
Q
_
Propagation direction
0 X
z
Fig. 1 Geometry of problem.
The equation of micro-stretch
* 1 1 * 1 3 *
Q@i+ VT =~ Ao —= Ui == plo@y.
3 3 3 2 3)

The equation of heat under 3PHL model

Due to the memory-dependent influence, this is additionally a special case of the heat

conduction law, as recently announced by Sur and Kanoria [9].

* * 1 2 2 *
k'l+7, D, itk (+7, D,, i =[L1+7, qu + 5 g qu 1loceTy +vTopy + Biloen ] @
4
#0,k" >0,k >
Where, 3PHL model, (T" <To <t 0, 0.k 0).
=7,=7,=0,k >0
G-N theory of type 111, when (T" fo =% ).
t
D, f®)= [ L(t-¢) f'(s)de
i ®)

The parameter represents the time delay, and represents the kernel function; for more

information, see Caputo and Mainardi [9]. In this work, we utilized L(t-¢) in the following form.
L(t-¢)=a+q (t-¢), where & % are constant,
The constitutive relations

ojj = (AU, +/10§0* = AT) G +u (U j +uj;) +K (Ui gir o),

(6)
My =a @ Oy +BG;+7 @i -
//ll' :aO (0:"1 e:unr. (8)
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u(x,z,t)=u (ul’ 0, u3) and ©2=(0,,0), the equations of motion can

From Eg. (1) and Eq. (7) for
be written as

(At 1) €5+ (1K) Uy + A 0 —Kepp, = AT = pll — 22Uy + 2205, o
(A+u) e, + (i +K) Ugji + Ao@; =Koy = BT, = plUgy — 27 Us + 220, ]. (10)
From Egs. (6) and (7) into Eq (2) for o=(0, 02,0 )’the equation of micropolar is given by
Y @i T KU, —Usy) = 2K @, = pJ @y . (11)
We employ the following dimensionless variables
Y , pa)*clui ' Pcl )
(X,Z):—(X,Z), Uy =—77, ' ' ' * @Oy = ’
c, 'TBT, 'z, 7, 74 )=60 t.7,.70.79), ' ° BT,
2 *
- c , T . Gjj , o m;; , A+2u+k
ATo 0 BAiTo C1,3T ClﬂlT 0 ) p

(12)
After introducing the displacement potentials @ (x,z,1) and ¥ (x,z,t) which correspond to
displacement components, we acquire
U =@y +y,;, Uz3=@, —y,. (13)

Substituting Egs. (12) and (13) in Egs. (3), (4), (9), (10) and (11), we obtain
2

[(a, +a,) VZ+2° —aa?]cb+2_(21//,t +agp —T =0,

(14)
82
(15)
2 2
[V?-2a5 - ae ]€02+ a VvV y =0,
(16)
1 3 7.1 1
aVi-—a-"ag—1]o +=aT-=a V> ®d=0,
[a 3% 2108t2]§0 338 339
17)
(L+7,D, V7T +ay (L+7,D, )V°T, =[l+7, D, + % 75 qu 1asT ¢ + 830y +8, V20 ] o

3. Normal mode analysis
The solution of the considered physical variable can be decomposed in terms of the normal mode method

take the following form:

[, w0 0. T oy My oy 1, 2,0 =[0, 8,7, 8, 3, T, &5, Wy, G, 5 1 (2) €00, (19)
_ Where, w=bg is the frequency, I = \/__1 is the complex number and b is the wave number in the X—
dlrecﬂ?irr:.g Eqg. (19) in Eqgs. (14)-(18), we have
(6,D*+68,) DS, 7 +a,p —T =0, (20)
5 @ +(3,D% +5,) W — 3,3, =0, )
(85D” ~a5h®) 7 + (D +5) 7, =0, @)
(5D +64) D+ (a;D* +65,) @ +5,T =0, 23)
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(012 D* - O3) D+ 516¢* + (0 D* + is) T =0,

The presence of non-trivial solutions necessitates the fulfilment of the following conditions that are required
and sufficient, i.e., the determinant of the preceding equation (20) - (24) needs to be zero, we get

(D -AD*+BD°-CD*+ED’-F){®(2).w(2).%(2).# (2).T (2)}=0.

(24)

(25)

The coefficients of Eq. (25) A.B.C,E,F
Eq. (25) can be factorized as:

(D ~k)(D* =k3) (D* ~k5) (O -k ) (D* ~k){P(2).#(2). % (2).9 (@). T @)}=0. ¢
k?,(n=1,23,4,5)

are defined in Appendix.

Where, are the roots of the characteristic equation of Eq. (26).
The solution of EqQ. (26), which are bounded as 2% are written:
5
D)= M, e*n?
n=1 27)
5
v (2) = Z Hi, My, e—knz,
n=1 (28)
5
?,(2) = Z Han My, e—knz,
n=1 (29)

_ 5
T (2)= Y Hyy M, 702,
n=1 (30)
—* 2 —k, z
¢(Z):ZH4nMne n .
n=1 (31)
Substituting from Egs. (27) and (28) in Eq. (13) we acquire
5
0 (z) = [ib—k,Hy IM e *n?,
n=1 (32)
5
Us(z) = Z [-kn —ibH, 1M, e—knz’
n=1

(33)
By compensation from Egs. (12) and (19) into Eqgs. (6) and by using Egs. (29) - (33) we infer that the
components of the stress tensor, the following components

5
o_-xx(z) = Z HSnMn e—knz,
n=1 (34)

5
O_-W(Z) = Z HGnMn e—knz,
n=1

(35)
— > —kp z
Gzz(z): Z H7nMn e,
n=1 (36)
5
5-xz(z) = Z H8nMn e—knz,
n=1 (37)
5
sz(z) = Z HQnMn e_an’
n=1 (38)

By compensation from Egs. (12) and (19) into Egs. (7) and (8) and by using Egs. (29) - (31), the couple stress
tensor components and the micro-stress tensor have the form
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5
n_f]xy(z) =2 ibajgH, M, e_an’
n=1

2023

(39)
5
My (2) = . i baggH M, €707,
n=1 (40)
5
_ -k
mzy(z) =2 —aygk,Hyn M, € "’
n=1 (41)
> -k z
rT]yz (Z):Z_alg Ky Hon M e ™%,
n=1 (42)
_ 5
A (2) = X iba;H, M e 07,
n=1 (43)
_ 5
2 (2)=Y —ak,H, M, e,
n=1 (44)
Where the coefficients a, , H,,, AC,F,B,E and 6, , where m=(12,.... ,19),
m'=(1,2,...... ,16), n'=(L,2,.....,9) are given in Appendix
4. Boundary conditions
The boundary conditions for the problem at z =0, to determine the constants M, n=(1, 2, ...... ,5), are
* _ ib(x-¢t ib(x=¢t
¢ =0, My =0, 1, =0, T=feé (x-¢t) o, =pe (x=¢1), o 2=0. (45)

Where, p is the magnitude of the mechanical force, and f1 thermal shock. Applying the use of variable

expressions implied into the boundary aspects discussed above (45) to acquire equations that are acceptable with
the parameters. As a result, five equations are created. When we apply the inverse matrix method to the five

equations, we have the value constant M, n=(1, 2, ...... ,5),
M| [ Hy Hao Has Has Hys T 0]
My | |—digkiHyy —digkyHyy —digkaHyg —digky Hyy  —aigks Hos
Mz |=| —arkgHy —a7koHyp —ayksHys —aykyHy  —a7ksHys
My Ha H3p Has Hay Has fi
(Ms] [ Hs Hs, Hss Hs, Hes ] LPJ (4

5. Numerical results and discussions
The analysis has been carried out for magnesium crystal-like material [22]

p=147x10kg.m™3, 1=94x10°N.m™2, x=4x10""N.m™2, J=02x10"m?,
Jo=185x10""m? = k=1x10°N.m?,  ;=0779x10° N, 4 =05x10" N.m™?,
y=0779x10° N, Ty=298 K, 4,=05x10°N.m?% 3 =268x10°N.m2.k™,
v=2x10% N.m 2. k™%, ce =1.04x10% J.kgt k™, Kk =1.7x10%J.mt. stk ™,
r,=0.0171s, 7,=0.031s, 74 = 0.5s, @ =0.03s, @w,=0.06s, @,=0.09s, q=4, ¢ =5
0=0y+1ay, 0=31099, @;,=3.906, b=2, p=1.0502.

In this paper, All physical quantities are calculated for the dimensionless time value t=1.18 on the range
0<z<1.50n the surface X =1.18. The numerical strategy introduced here is employed to clarify the variance

of physical quantities Uy, U3, @", Oy, O, and o0y, against the distance Z. The graph demonstrates the
predicted curves of the theory of G-N III and the model of 3PHL. Figs. 2-7 clarify a comparison among the model
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of 3PHL and the theory of G-N Il in the complete absence and presence of rotation. Fig. 2 shows the variation of

! against a distance z. It observed that the two Curves focused on the 3PHL model begin at identical point and
decrease until they vanish at z>1.5, Furthermore, there are two other curves focused on G-N 11 theory that begin

at an identical point but differ from the previous point and decrease up to vanish at z>1.5. Figs. 3 and 5 illustrate
the values of U; and o, Every time begin with positive values and gradually decrease them over the range
0<z <15, after that converge to zero over the range z>1.5. It is observed that the values of U; and o, based

on the G-N 111 theory are small compared with the values of Uy and o, based on the 3PHL model.

Fig. 4 clarifies the change micro-stretch (p* with distance £: When rotation is present, the values of ¢* every
time begin by increasing to a highest, then reduced, and at last, go to zero. In the existence of rotation, the values

of go* focused on the 3PHL model are also large in comparison to the values of gp* focused on the G-N 111 theory.
Figs. 6 and 7 clarify the value of o,, and o,, every time began with negative values and increase over the range

0<z<1.5, then go to zero over the range z>1.5. It is observed that the values of 02 and ©xz based on the

3PHL model begins at the exact same point, which is also the

relatively similar point in Figs. 6 and 7.

6. Conclusion

In this paper, the problem is interested with the influence rotation on a thermo-micro-stretch elastic solid

under memory-dependent, the medium is investigated employing the theory of Green-Naghdi type Ill and the
model of three-phase-lag. Utilizing the normal mode analysis, the problem has been solved, from the results
explained above, it can be concluded that:

1- All physical quantities go to zero as distance increases, as well as all functions are continuous

2- The effect of rotation plays a critical role in this investigation of thermoelastic solid deformation.

3- A sort of contrast is established between the model of 3PHL and the theory of G-N Il in the complete
absence and presence of rotation.

4- The nature of the applied force as well as the type of boundary conditions influence the deformation of a
body.

5-  The physical quantities are satisfying all the boundary conditions.

6- The investigation can be used in geotechnical engineering, seismology, solid dynamics, seismic
analysis, and other fields.

0.25 . ,
— —-3PHL,0=0.5
———G-MNIl,=05
0.z [ 3PHL,0=0 |
G-M Il a=0

0.1

0.05

Fig. 2 Variation of the horizontal displacement U, against Z.

https://bfszu.journals.ekb.eg/journal Page 227




Bulletin of Faculty of Science ,Zagazig University (BFSZU) 2023

0.25 ,
| —  — EFHL.ca=n05
., —— —E-MI.;=05
a1 A s3PHL.ca=0
G- Il ca=0

o.0%

o T e

a 0.5 1 1.5

= = 10
—-— - -3PHL.,.2=0.5
— — — G-M ILL2=0.5

a4k LT T~ 3PHL.c2=0 ]
T T G-I 1IL,C2=0
_.// T
; -

3 B U 4

R
A 0
* o s
o i T~ T
i e
4 Tl
1 —f"r H:""—\-\_ -
- ~
! T —_—
n]
-1 I I
0 0.5 1 1.5

=

7 . .
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Fig. 5 Variation of the stress component o, against Z.
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Fig. 7 Variation of the stress component o,, against Z.
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APPENDIX
A+ A+k A k kc? jc? N v
& = 7 %= 7 BT, Y =—7, aS:_iz’ aezpjl- & = 04 8=
pC; pC yelo pCy yo /4 PCy b
H *2 % 2 2
Jo@ k CeC Vo p AT A
aezizv 31020—21 aﬂ=—1? : 3122—'0 EL = U2, gy, =, s =7
PC Cy k k Pk Pk PCy
2u+k 7 yo' Bo*?
6= 7 7= 5 Qg=——7, &=, 2 2 22 2
PCy PCy PCy PG 6= +a,), 6,=-b"6+b" 5" +07,
3 o 2 1
5,=2ibEQ 5, =b2E —a,b? + P, 5,=5, O ,=agh?&?—2a,—b?, Ol e b o4,

1 1
58:_5619’ 59:_58b2’ 510:§a8, 0y =1+G; +G,, Oz zal4b2§2' 513=al4b4§2:

O =(1+G3) —ib&a; (1+G,), ds =’ (1+G3)+ib3§all(1+62)+a12511b2§21 O =0p1 g5 b® &2,
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_% S % g aibeay ibe _ o N1 _aibiay_ ibé o,
Gl—wl[(q ibég)(l et ) - e”t ], G, wz[(q ib§)(1 e )-qae ™,

O %oy (q_aibéeyy ibe _‘ib?fc? 0 g aibéay ibs
G3_a)3[(q ibf)(l e ) —q e "], G, = 20, [(q ibét)(1 e ) - e

) [ a‘2a7512 + a'2a75lé‘15 + a'2a752514 + a’Zé‘157514 + a’7§lé‘4§l4 + a4a5a751§l4 + a2a75156514 _a2a358514]'

-1
2,8,6,0,4
B= (;) [ a257512 - a23'7513 + a754512 - a258516 + a41."5153'7512 + a23'752515 + a2"5‘3510512 +a‘2a756§12
8,8,0,0,,
- a2a358§15 - a2a359514 + %6157615 + a25257514 + a75154515 + a75254514 - azéléloéle + a'75355514
+6,0,0;0, + 8,8,8,0,0;5 + 8,88,0,0,, + 8,88,0,0,, — 8,0,040,, + 8,8,6,040,4 + 8,850,0,0;4 — 8,850,004
+ a2515657514 + a7615456614 - a4a5a7b251§14 - a3a4a558514 "'6126‘75156515]l

A=(

-1
C= (—) [_ 3257513 - a754513 - a259515 + 5457512 _5458516 - a4"715317513 - a233510513 - aza756513
a2a751514

- azasé‘gé‘ls - a4a*558516 + a25257515 + a2§657512 + 375254515 +a75456512 - 8252510516 - a3‘5458515

- 335459514 + a75355515 - a25658516 + 515457515 + é‘25457514 + 535557514 - 5154510516 + a4a5a752515

+ a33-45"15510512 - asa4a55s§15 - 838.46559514 + a23-75256515 + a4355157515 + a4a55267514 + a23'366510512

- a2335658515 - %335659514 - a4as51510516 + a2515657515 + a2525657§14 + a7§15456515 + a75254§6514

- a25156510516 - a3545658514 + 37535556514 + 51545667514 - aAasa7b2512 - a4asa7b261515 - a4asa7b252514
+ a3a4a5b258514 - a4a5b25157514 + a4a“557512]!

1
,8,0,0,,
- a25659516 + 525457515 + 545657512 + 535457515 - 5254510516 - 53556;.0516 - 545658516 - aea4a‘5510513
- a3a4a559515 + 8.4655257515 - 826356510513 - azasé‘e&gé;s - a4‘3'552510516 + a25256§7§15 + a7525456515
+ a35456510512 - a2§256510516 - a3545658515 - a3545659514 + a7§35556515 + 51545657515 + 52545657514
+ 53555657514 - 515456610516 + aAasa7b2513 - a4asb257§12 + a4a5b258516 - a4asa7b252515 - a3a4asb2c')’10512

+ asa4asb258515 + a3a435b259514 - a4asb25157515 - a4a5b25257514 + aAa5b251510516]'

S
277171714

— 8,6,0,0,00, + 8,80°5,0,, + 8,8,0°0,0,, + 8,3,3,076,,5, + 8,8,8,0°5,5,; — 8,8,0°5,6, 6,5 +8,8,0%5,8,,5 1,
_ =85 (ky + ) _ —(aky —agh*)H,,
" ak? + (8,8, + 5, + 8,0, kZ + 65,5, —a,ab?’ " k? + 5,
_ ki (08 —8,0,) + 88, + 0,0 = 50Hy |, _ 0 ki — 8 — 8, Ha,
o a,0,,k? + 8,5 + 8,0, Lo a, k? + 6,
H5n =ib (a15 + a:LG) (ib - anln) + a15(kr$ - ibanln ) + a3H4n - H3n’
H,, =iba,(ib-k H, )+ a15(kn2 +ibk,H,,)+a,H,, —H,,,
H,, =iba,(ib-k H,)+ (a; +a,) (kf +ibk H,,)+a,H,, —H;,,
H,, =a,(ibk + kaln) +iba,(k, —ibH, )-a,H,,, Hy, =a,(-ibk + kaln) —iba,(k, +ibH,)-a,H,,.

E= ( ) [_ 5457513 - 5459516 - a4a557513 - 343559516 - 325657513 - a354510513 - a75456513 - a35459515

)[- 040505015 — 0,060,013 — 830,050100,; = 830,060,015 + 6,0,050,015 + 03050507015 — 6,0,030,505

H2

H
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